We consider a situation originally discussed by De Finetti (1957) in which a surplus process is modified by the introduction of a constant dividend barrier. We extend some known results relating to the distribution of the present value of dividend payments until ruin in the classical risk model and show how a discrete time risk model can be used to provide approximations when analytic results are unavailable. We extend the analysis by allowing the process to continue after ruin.
INTRODUCTION
In this paper we study optimal dividend strategies, a problem first discussed by De Finetti (1957) . De Finetti considered a discrete time risk model and produced some results in the situation when the aggregate gain of an insurer per unit time is either 1 or -1. A summary of De Finetti's work can be found in Bühlmann (1970, Section 6.4.5) , or for a more recent reference see Gerber and Shiu (2004, Appendix B) .
The problem of optimal dividend strategies has also been considered in continuous time. The textbooks by Bühlmann (1970) and Gerber (1979) discuss the problem in the context of the classical risk model. See also Gerber and Shiu (1998, Section 7) .
An optimal dividend strategy is almost always taken to be a strategy which maximises the expected discounted future dividends. Such strategies have been considered in relation to a variety of models for the insurance surplus process. These range from De Finetti's (1957) very simple model, through the classical continuous time compound Poisson model to more sophisticated models, e.g. Paulsen and Gjessing (1997) , who consider a claims process which includes a Brownian motion element and stochastic interest on reserves driven by an independent Brownian motion, and Højgaard (2002) , who considers a process with dynamic control of the premium income. Some authors have considered the problem of determining the optimal form of the barrier, e.g. De Finetti (1957) and Asmussen and Taksar (1997) ; others have assumed that the barrier is constant and considered the problem of finding the optimal level for the barrier. Gerber and Shiu (2004, Section 1 ) is a rich source of references for the literature on this subject.
In this paper we consider both a discrete time risk model and the classical continuous time risk model. We show how our discrete time risk model can be used to tackle problems for which analytical solutions do not exist in the classical continuous time model. In the classical continuous time model, we generalise a result given in Bühlmann (1970) and Gerber (1979) . Our result has a counterpart in the Brownian motion risk model considered by Gerber and Shiu (2004) . In each of the references mentioned so far, the risk process continues until ruin occurs, an event which is certain as each study is in the framework of a dividend barrier whose level is constant. We consider the notion that the risk process can continue after ruin as a result of a suitable injection of surplus. Siegl and Tichy (1999) also consider the expected present value of dividends for a surplus model which continues after ruin. However, their model is different to ours in several important aspects.
We define the classical surplus process {U(t)} t ≥ 0 as
where u is the insurer's initial surplus, c is the rate of premium income per unit time, N(t) is the number of claims up to time t, and X i is the amount of the ith claim. {N(t)} t ≥ 0 is a Poisson process, with parameter l, and {X i } ∞ i =1 is a sequence of independent and identically distributed random variables, independent of {N(t)} t ≥ 0 . We denote by m k the kth moment of X 1 . Let F and f denote the distribution function and density function respectively of X 1 , with F(0) = 0, and let c = (1 + q)lm 1 , where q > 0 is the premium loading factor. The ultimate ruin probability from initial surplus u is denoted c(u) and defined by c(u) = Pr(U(t) < 0 for some t > 0). We consider the above surplus process modified by the introduction of a dividend barrier, b. When the surplus reaches the level b, premium income no longer goes into the surplus process but is paid out as dividends to shareholders. Thus, when the modified surplus process attains the level b, it remains there until the next claim occurs. We say that ruin occurs when the modified surplus process falls below 0, and ruin is certain as we are effectively considering a surplus process in the presence of a reflecting upper barrier. We use the notation T u to denote the time of ruin.
Let the random variable D u denote the present value at force of interest d per unit time of dividends payable to shareholders until ruin occurs (given initial surplus u), with V n (u, b) = E [D In Section 4 we consider both the time of ruin and the deficit at ruin and derive results which we then apply in Section 6 where we allow the process to continue after ruin. In Section 5 we consider a discrete time model. Notation for this model is introduced in that section.
THE MOMENTS OF D u
In this section we derive an integro-differential equation for V n (u,b) , and find a boundary condition. We then use this equation to calculate some moments in the case when the individual claim amount distribution is exponential. We start, however, with a lemma which we apply in Theorem 2.1. ( , ) .
Integrating by parts, it can be seen that Theorem 2.1. For n = 1,2,3,..., V n (u,b) satisfies the integro-differential equation
Proof. Let 0 ≤ u < b, and let t denote the time at which the surplus would reach b if there were no claims, so that u + ct = b. By considering whether or not a claim occurs before time t, we have
,
and substituting s = u + ct we get
. 
# #
Differentiating with respect to u, we obtain 
Hence, by equating the above two expressions for V n (b,b) we obtain We can now prove (2.2) by induction. We note that
2) is already known to be true for n = 1. See, for example, Gerber and Shiu (1998, Section 7) . Now let us assume that it is true for n = 1,2, …, m. Then by (2.1) and (2.2) Gerber (1979, p. 116 
For this individual claim amount distribution, Lundberg's fundamental equation with force of interest n d (see Gerber and Shiu (1998, Section 2) ) is
where r 1,n and r 2,n are the roots of (2.5). To solve for k 1,n and k 2,n (which are both functions of d), we use equation (2.1) and insert the functional form for V n given by (2.6) and the form of the density f. Integrating out we find that
.
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Equation (2.7) is well known when n = 1. See, for example, Bühlmann (1970) . 
In this section we consider the special case when d = 0. Gerber and Shiu (2004) consider this case for the Brownian motion risk model and show that the distribution of D u is a mixture of a degenerate distribution at 0 and an exponential distribution. As shown below, this is also the case for the classical risk model. Consider first the case when 0 ≤ u < b. Then the probability that there is a first dividend stream is the probability that the surplus reaches b without ruin occurring first, the probability of which is x (u,b) where See Dickson and Gray (1984) . Given that there is a first dividend stream, the probability that there is a second stream of dividend payments is p(b) where
since a second stream can occur only if the amount of the claim that takes the surplus process away from the dividend barrier is no more than b. Hence, if N denotes the number of streams of dividend payments, N has a zero-modified geometric distribution with Pr(N = 0) = 1 -x (u, b) and for r = 1, 2, 3, ...,
is a sequence of independent and identically distributed random variables. We note that the time until a claim from the time the surplus process reaches b is exponentially distributed with mean 1/l due to the memoryless property of the exponential distribution. Hence, the distribution of D 1 is exponential with mean c /l, and so
Thus, the distribution of D u is a mixture of a degenerate distribution at 0 and an exponential distribution with mean c /(lq(b)). Applying the above argument when u = b, we see that the distribution of D b is exponential with mean c /(lq (b)).
We remark that when d = 0, the coefficient of skewness of D u is always positive. However, it can be seen from Table 2.1 that this is not the case when d > 0.
TIME AND SEVERITY OF RUIN
In this section we derive results relating to the time and severity of ruin that we will apply in Section 6. Let Y u denote the deficit at ruin given initial surplus u.
is an important special case. To do this, we adopt the approach of Gerber and Shiu (1998) and consider a function n (u,b) 
. This is just the function defined in equation (2.10) of Gerber and Shiu (1998) , modified to our model. In particular, P(T u < ∞) = 1 in our model. Properties of a more general version of the function n (u,b) are discussed in detail by Lin et al (2003) .
Let t be as previously defined. Then by conditioning on the time and the amount of the first claim, ( , ) ( 
. where we have used the fact that (␣ + r 1 )(␣ + r 2 ) = l␣/c. An alternative method of deriving this result is given by Lin et al (2003) .
DISCRETE TIME MODELLING
In this section we consider the discrete time model described by Dickson and Waters (1991) . In this model, the surplus process is {U(n)} ∞ n = 0 , where U(0) = u (an integer) and U(n) = U(n -1) + 1 -Z n , where {Z n } ∞ n = 1 is a sequence of independent and identically distributed random variables. The premium income per unit time is 1, and Z n denotes the aggregate amount of claims in the nth time period, with E [Z 1 ] < 1.
The distribution of Z 1 is compound Poisson with Poisson parameter 1/[(1 + q)b], where we choose b to be a positive integer, and individual claims are distributed on the non-negative integers, with a mean of b. A consequence of this is that the premium contains a loading of q. Dickson and Waters (1991, Section 1) explain how this model can be used to approximate the classical risk model of Section 1 using a process of rescaling of both time and monetary units, and by discretising the individual claim amount distribution F.
Let b again be a dividend barrier, and let b be an integer. A dividend of 1 is payable at time n only if the surplus was at level b at time n -1 and there are no claims at time n, for n = 1, 2, 3, .... With a slight abuse of notation, we again let D u denote the present value of dividends payable until ruin at force of interest d ≥ 0 per unit time, and again denote E [D n u ] by V n (u,b). We are thus generalising De Finetti's original model by allowing the increment of the (unmodified) surplus process to be one of 1, 0, -1, -2,..., compared with 1 or -1 in De Finetti's model. We define ruin to be the event that the surplus goes to zero or below at some time n > 0, but we allow the surplus at time 0 to be 0.
Conditioning on the aggregate claim amount in the first time period, and letting g j = Pr(Z 1 = j), we find that for u = 0,1,2,..., b -1 The same approach can be applied to finding moments of the discounted time of ruin and severity of ruin. We again let T u denote the time of ruin from initial surplus u, and note that Pr (T u < ∞) = 1. Defining 0 (u,b) = E [e -dTu ] and letting
for u = 0,1,2,..., b -1, and and Goovaerts (1988) . This discretisation method is mean preserving which facilitates calculation of the function 1 . In the classical risk model, let us set l = 100, d = 0.1 and q = 0.1. In our discrete model, let b = 100. Gerber (1979, p. 150 We conclude this section by noting that the methodology of Section 3 can be applied to show that when d = 0, the distribution of D u is a mixture of a degenerate distribution at 0 and a geometric distribution on the non-negative integers for 0 ≤ u < b, and the distribution of D b is geometric.
6. OPTIMAL DIVIDENDS One approach to selecting the level of the dividend barrier is to set it at b* where b* is the value of b which maximises V 1 (u,b). See Bühlmann (1970) or Gerber (1979) . In the case when F is an exponential distribution with mean 1/␣, the optimal level is log ␣ ␣ b r r r r r r 1 
where r 1 and r 2 are as in Example 4.1. If this quantity is negative, the optimal level is b * = u. See Gerber and Shiu (1998) . Generally, it is difficult to find the optimal level analytically, but it is not difficult to find it numerically if we can find an expression for V 1 (u,b) . In other cases, we can use our discrete time model to find an approximation to the value of b * . As an example of this, Figure 1 shows V 1 (u,b) as a function of b when l = 100, c = 110 and d = 0.1 for u = 10, 30, 50 and 70 when the individual claim amount distribution is Pareto(4,3). From this we observe the features that are known in the case of exponential claims, namely that there is an optimal level here for b independent of u (51 to the nearest integer), and that if u exceeds this optimal level, the maximum value of V 1 (u,b) occurs when b = u.
Under the criterion of maximising the expected present value of dividend payments until ruin, the optimal strategy is to set a constant dividend barrier. See, for example, Borch (1990) . Asmussen and Taksar (1997) have shown that this result also holds, under certain conditions, when the surplus is driven by a Brownian motion. In what follows, we investigate the expected present value of dividend payments under a constant dividend barrier. We make no claims about the optimality of a constant dividend barrier, but view our study as a natural extension of existing work.
Modification 1
As the shareholders benefit from the dividend income until ruin, it is reasonable to expect that the shareholders provide the initial surplus u and take care of the deficit at ruin. Under this scenario the expected present value of (net) income to shareholders is
Consistent with the approach of the previous subsection, a reasonable objective is now to find the value of b that maximises L (u,b) for a fixed value of u. (u,b) for integer values of b using the approach of the previous section, and they suggest that an optimal barrier level is around 51. Figure 3 shows the coefficient of variation of the present value of (net) income to shareholders in the case of exponential claims, as approximated by the model of the previous section. To calculate this we require
which can be calculated as
where the final term can be calculated using the approach in Section 5 to the calculation of 0 (u, b) . We note from Figure 3 that the value of b which minimises the coefficient of variation varies with u, but is around 51, compared with the value 43.049 being optimal in the sense of maximising L (u, b) . As each curve in Figure 3 is relatively flat around its minimum, we conclude that choosing b to minimise L(u, b) is a reasonable strategy. We observed similar features in the case of Pareto(4,3) claims. An alternative objective is to find the optimal level of investment, assuming there is no restriction on the amount the shareholders can input. As L(u, b) is zero when u = b. However, we are unable to determine whether the derivative is zero elsewhere, so we cannot say whether the maximum of L(u, b) occurs when u = b.
In the case of the numerical illustration in Example 6.1, a numerical search shows that the optimal investment level is 43.049, with the barrier at the same level.
As a matter of mathematical interest we note that for the function n defined in Section 4,
Modification 2
We again assume that the shareholders input u, but now suppose that when ruin occurs, the shareholders immediately pay the amount of the deficit at ruin, so that the surplus at the time of ruin is then 0. The insurance operation can then continue from this surplus level, and the operation from the time of ruin is independent of the past, so that each time ruin occurs, the surplus can be restored to 0 and this time point is a renewal point of the new process. The surplus is now moving indefinitely between 0 and b. It can remain at b for a period, but immediately moves away from 0. Now let V(u,b) denote the expected present value of dividends only. Then From this figure we deduce that for this set of parameters, the optimal strategy is to set u = b = 0 and in the Appendix we prove that this is generally the case. The explanation for this optimal strategy is that we are dealing only with expected values. When u = b = 0, the shareholders are acting as the insurer: they receive the premium income and pay each claim in full when it occurs. The positive loading factor in the premium ensures that the shareholders' expected profit is positive. However, the probability that at some future time the shareholders' outgo will exceed their income is c(0) = 1/(1 + q).
Modification 3
The deficiency of the optimal strategy under Modification 2 suggests that the shareholders should seek a solution under which they make no payments after time 0, but can still receive dividend income after ruin occurs. Let us suppose that the shareholders purchase a reinsurance policy which provides them with the amount of the deficit each time that ruin occurs. Such a policy is discussed in the context of the (unrestricted) classical surplus process by Pafumi (1998) in his discussion of Gerber and Shiu (1998) . In our examples, we assume that the reinsurance premium is calculated by the expected value principle. Let q R denote the loading factor used by the reinsurer. Then by previous arguments, the reinsurance premium is (u,b) for Pareto(4,3) claim sizes, with all other parameters as in Figure 5 . This appears to show the same feature as Figure 5 , namely that the optimal value of b is independent of u, but we have not been able to prove that this is true. From Figure 6 , the optimal value of b is 20 (to the nearest integer), and N(20,20) = 77.68. Note that in this case RP = 43. 96 and 82.80 -16.195 -31.85 > 77.68 -20 -43.96 .
Considering the greater variance associated with Pareto claims, it is somewhat surprising that a difference of only 3.8 in initial surplus is required compared with the case of exponential claims. Figure 7 shows the coefficient of variation in the case of Pareto(4,3) claims. We observe that this function has an unusual shape. However, the function does not vary greatly around b = 20. 
